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Any sequence 7, which satisfies the recurrence is called a particular solution; any sequence
which makes the left-hand side identicaily zero is called a homogeneous solution. Sometimes,
we can guess a particular solution, but cannot easily find one which satisfies the boundary
conditions.

Theorem 1.2: If we start with any particular solution 7, and add any homogeneous solution,
we obtain another particular solution. Moreover, the difference between any two particular
solutions is always a homogeneous solution.

The above theorem suggests the following approaches for solving inhomogeneous
recurrences.

(1) Guess a particular solution ¢,,.
(2) Write a formula for ¢, plus the general homogencous solution with unknown constants.
(3) Use the boundary conditions to solve for the constants.

However, the above method has the disadvantage in the sense that we need to guess a
particular solution. A fairly general technique for producing solutions to inhomogeneous
equations with constant coefficients is to transform the inhomogeneous equation into a
homogeneous equation through algebraic manipulations and then solve it employing the
method used for solving homogeneous equations. This is illustrated through the next two
examples.

EXAMPLE 1.13: Solve the following recurrence relation:

t, =2, +n

Rewriting, we have ty — 2ty =n (L.
Replacing n by n + 1, we get

Lyp = 20, =n + 1
=5 2oy — 41, =2n + 2 (1.2)
Replacing n by n + 2, we get

Lypy — 20,0 =N+ 2 (1.3)
Adding Eqs. (1.1) and (1.3), we get

Ty = 2y + 1, — 20,1 =2n + 2 (1.4)

Subtracting Eq. (1.2) from Eq. (1.4), we get
Lyyr — 4ty + 50, = 2t,,, =0
The characteristic equation is
X -dxt+5x-2=0

or X -2 -2 +d4x+x-2=0
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or Kx=-2)-x -2+ l(x-2)=0
or x=-1PEx-2)=0

The general solution is

t, = 2" + cal" + c3nl”

whereby I, = 0(2")

EXAMPLE 1.14: Solve the following recurrence relation:

1,= 2t +n+ 2" n21, subject to 1y = 0.

Here, =2,y =n+2" (1.5)
Replacing n by n + 1. we sot

Loy =2, =n + 1 + 2™ (1.6)
Replacing n by n + 2. we get

lez = 2pey =0 + 2 + 22 (1.7)
Replacing n by n + 3, we get

Ins3 = 2ppa =N + 3 4 2143 (1.8)

Multiplying Eq. (1.5) by -2, Eq. (1.6) by 5, Eq. (1.7) by —4 and Eq. (1.8) by 1 and then
adding, we get

Inaz = Oy + 131, - 121, + 41,_, =0
The characteristic equation is

-6+ 132 -12x+4=0

or X - 4xd A - 20 4+ 8 - 8x 4+ X% — dx +4 =0
or (K -dx+ P -2x+1)=0
or (x=2(x-1*=0

This cquation has roots 1 and 2, both of multiplicity 2. The general solution of the recurrence
1s of the form:

t, = (c; + cam)1" + (c3 + cgn)2"

1, € On2"

1.5 CHANGE OF VARIABLE

It is sometimes possible 10 solve more complicated recurrences by making a change of
variable. The following three examples illustrate this.
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EXAMPLE 1.15: Solve the recurrence: T(n) = 4T(n/2) + n, where n 2 1, and is a power

of 2.
Replacing n by 2% and T(2%) = 1, we get

(25 = 4725 + 2*
or I = 4’k-l + 2‘
Replacing k by k — 1, we get

Ly =45, + gkl

Multiplying Eq. (1.10) by 2 and subtracting the result from Eq. (1.9), we get

I — 2t = 41, - 81> or e — 60, + 82 = 0

Putting 1, = x*, we get
i = 6 ¢ 8 =
or X -6x+8=0
or x=2)(x-4)=0
n=c2t + et

Putting back n, we get
T(n) = cyn + czn2

T(n) € O(rxz)

EXAMPLE 1.16: Solve the following recurrence relation
T(n) = 4T(n/2) + n*

where n > 1 and is a power of 2.
Put n = 2% and T(2%) = ¢, to get
I, = 4tk--l + 22"‘

and replacing k by k — 1, we get f_ = 4t + 2°¢D

Multiplying Eq. (1.12) by 4 and subtracting the result from the Eq. (1.11), we get

. — 4’*_] = 4tk—| - l6lk_,z
or t — 8ty + 16, =0
Putting 7, = x*, we get

* -8 4 1642 =0

Thus, the characteristic equation is

C-8x+16=0 o (x-4)’ =0

= (c + cgk)4"

(1.9)

(1.10)

(L.L1L)
(1.12)
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Putting back n, we get
T(n) = c;n® + con’ log n
T(n) € on® log n)
EXAMPLE 1.17: Solve the recurrence: T(n) = 7T(n/2) + 3n%, where n is a power of 2 and

is greater than 1.
Let us put n = 2% and T(2%) = ¢, to get

=T +3 x2% (1.13)
Putting k = k - 1 in Eq. (1.13), we get
by = T4 3 x 280D (1.14)
Multiplying Eq. (1.14) by 4 and subtracting the result from Eq. (1.13), we get
4 — 4y =Tty — 28145
or -1l +284.,=0

Putting 1, = x* in the above equation, we get x* — 11x*~! + 28x*% = 0. Thus, the characteristic
equation is:

©-1lx+28=0
or x-4)x-7)=0
Hence, = Cl4k i Cz7k = c,nz + (_-27]032"

T(n) = c,n2 + c27'°5'-’"

1.6 GENERATING FUNCTIONS

Generating functions transform a problem from one conceptual domain to another, in the
hope that the problem will be easier to solve in the new domain. We demonstrate how
generating functions can be used to solve some simple recurrence relations.

EXAMPLE 1.18: Suppose we have a recurrence: f, = 2t,—; + I, n > 1 and 15 = 1.

Let AR) = i 1.5

n=1

From the given recurrence this sum can be written as

@ @
ARD=1"+Y 6" =1+ Y 1,2"

n=1 n=1

=1+ (21, + D"
n=|



