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Choose the correct answeer from the following: 1X20=20
1. Let S(x,r) be an open sphere in a discrete metric space (X, D). Then S(x,r) is a
singleton set if
aldgrgl bh.0<rs1
GrEl d.r>1

2. Consider R, the set of real numbers with usual metric d on R given by d(x,y) =

|lx =yl forx,y € R. Then § (— l,%) is equal to
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3. Let (X, d) be any metric space, and A © X, 'Then the interior of A is the
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_ Intersection of all open sets contained b. Intersection of all open sets containing,
Tin A A
c. Union of all open sets containing, A. d. Union of all open sets contained in A.

4. Let (X, d) be any metric space, and A € X. Then the closure of A is the
Intersection  of all - closed  sets
contained in A.

b, Union of all ciosed sets contained A.

Intersection of all closed sets containing,

c 4 d. Union of all closed sets containing in A.
/. )
5. let<x, > beany sequence ina metric space (X, d). If < x,, > converges then
a. the sequence is Cauchy b. the sequence is not Cauchy
c. the sequence is not bounded d. None ol these is true

6. let X fu(x) be a series of continuous functions defined on [a,b] for ecach n,
converging pointwise to the sum function f. Then

& [ is continuous on [a, b ; [ is discontinuous on some point in
’ "la, b)
f may or may not ke continuous on None of these
<. fa, b] d.
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7. Leta sequence {f,} of real functions converges uniformly to a real function f so that
given € > 0, there exists a positive integer m so that |f,,(x) — ftx}] <€, ¥n =m for
x € |a,b]. Then
a.m depends on x € [a, b] and not on e T Hepension ¢ _(“j'd rriad
x € [a,b]
m is independent of both € and

c. d. None of these
x € |a,b|

8. Lot < f, > be a sequence of functions such that lim,,_., f,(x) = f(x),V x € [a,b] and
let M, = S“pr-;fu h]l[ra(-“’) - f(x)]
a, My—=+mwasn—-w b.M, = 0asn— o
.M —masn— oo . M, is bounded forall n

9. The sequence < f, > of functions where f, (x) = x" defined on [0, 1] is convergent to
the limit function f where

8. flx)y=1, vxe€ 0,1} b: () =0; ¥xe Q1)
. 1L ifo<x<1 N _[0if0sx <]
& flad= [0, ifx =0 d. f(x)= {1 ifx =1
10. Consider the series Y[ ol functions where f,(x) = [-l—~‘—],— ,Xx € R, The serics

converges Lo a sum function f given by

(0, x#0 _ 1, x+£0
"'/(")“{1, x=0 h‘“")_{o, x=0
c. f(x)=0,xeR d. Fla)=1y xeR
1. Forany interval |a, b in B the length of {a, b] is
a. a+b b.a—b
c¢.b—a d. None of the above
12. If G is any open setin B then
G is union of a countable class of open G 1s union ol o disjomt class ot open
a. . s
intervals, mtervals

G is union of a countable disjoint class

[ S d. None of the above
of open imtervals

13, Porany set A € [a, b], the outer measure ™A is detined by

Sup I(F), where the supremum s — s s
(), ! Inf ((1), where the infimum is taken

a. taken over the length of all open sets b Al Co
over the length of all opensets 172 A,

2 A;
C It L), where the infimuny is taken

e : g d. None of these
over the length of all open sets 17 € AL

14, Forany two subsets Apand Ay in|a, b)
A mA A, S m (A UA) mT(A,0A) by o mA mTA 2wt (A UA) FmA N A

m. A, A 2 a0, uAd) +m (A, NAL) '
- p 3 LAy 2J i Iy Thddg d. None of these
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15, 1f A be any subset of [a, b] and m. 4 is the inner measure of A then given € > 0, there is a

10.

17

19.

closed set 7 € A such that

a. mA-E<Il(G) b.m. A+ & <UG)
c.mA—=-E>I(G) d. None if these
The radius of convergence of the power series 14 2x -+ 3x% + 4x ! + - is
1
a0 b. -
2
¢ | d. 2
s 3 ¥t X ¢
Mo pOWErSENCEY +os tom 5518
a. Convergentat x = 0 only. b. Everywhere Convergent
¢. Nowhere Convergent d. None of these
[he radius of convergence R of a power series Ya,x" is given by
1 > 1
L) = 1 B R ——
Ri=1m .la@]» M caalit
1
= . a
€ R = lim, o ll_ll' d. R =limy, . —"il

n

The interval of convergence of the power series T+ x? 4 xt 4 x® + s
a —l<sx<l b. -1l<x<1
¢. —l<x<l1 d. -1 <x<1
: : - s X o 20 g o BE g
I'he radius of convergence of the power series x + =t -+ X 4o
1
a - b, ¢
P
. 1+e¢ d 1-e¢
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[ l)escrigtive]

Time: 2 hrs. 30 min. Marks: 50

[ Answer question no.1 & any four (4) from the rest [

I. a. Let(X,d) be any metric space. Define a metric d, on X by Pl

d(x,y)
14+ d(x,y)
Show that (X, d,) is again a metric space.

(2, v) = Xy EX

b. Consider the sequence of the functions < f,, >, where
n

= sinnx X
fa(x) = \/;—,x ER
Is < f,, > convergent? If so, find the limit function f for < f,, >

4 . . - Ay, d .
Examine the convergence of < f,, >, where f,(x) = ﬂln (x),
x € R

2. When is a sequence < x, > said to be convergent in a metric ;:;"'m
space (X, d)? Prove that a convergent sequence in a melric space .
is always Cauchy.

Give an example to show that a Cauchy sequence in a metric

space (X, d) may not be convergent.

¢ # g - s s & X2

b. Consider the series of functions ) f,,, where f,(x) = sty
xeR

Examine the convergence ol ) f, and lind the sum function f

provided ¥/, is convergent. What is vour observation on

continuity of cach term 7, and that of the sum function f?

a. Prove Cauchy’s criterion for uniform convergence of a series el
of functions Y f;, viz- e
A series of functions )/, defined on aninterval I = |a, b]
converges uniformly it and only if for £ > 0, and for all x € [a, b],
there exists a positive integer m such that
lful l(-") ik fni:('\.) i /;ll])("‘.)l <L, Vnz=m, P21
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6.

b. Examine the convergence of the sequence of function < f,, >
where f,(x) = T::? X ER

Find the limit tunction f in case it is convergent. Also, in this case

establish w hether the convergence of the sequence is pointwise or

uniform.

a. Prove Weierstrass's M-test viz -

A scries of function 3 f, will converge uniformly and absolutely
on [a, b] il there is a convergent series ' M,, of positive numbers
such that

foi allx € [a,b], |f,(x)| < M, vn.

‘ - X S
b. Show that the series ), o converges uniformly over any
1 xXen -
finite interval [a,b] forO<p < 1, p+q > 2.
a. Let Y f, be a sequence of functions converging uniformly to a
limit function f ininterval [a, b]. If f, is continuous for cach n
in [a, b], then prove that the limit £ is also continuous in [a, b].

1
3 . .- X .
b. Show that the series )/, where f,,(x) = Gt is not
Ry
uniformly continuous though it is pointwise convergent in

[0, 1].

a. Detine radius of convergence of a power series Y, o @, x".
Write a formula to find the radius of convergence R for Ya,x".
Hence find the radius ot convergence for the power series

1+ 2x + 3x% + 4x3 + -

b.If a power serics Y a,x™ converges for x = x, then prove that it
is absolutely convergent for every x = x, where |x,| < |x,|

a. rove Abel’s theorem on uniform convergence of a power
series Y a,x" viz -

If a power scries Ya,x™ converges at end point x = R of the

interval =R, R[ then it is uniformly convergent in the closed

interval [0, R).

5+5=10

St5=10

14143+
5=10

USTM/COE/R-01



= _ ..l.‘ .X"’ 7
b.Show thattan™!'x = x — =

T
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. v
: ; NPT s T B i 1\ x
show lhatz(l(m b ) (1 +3)
e - -

a. Define outer measure and inner measure of a set A € [a, b). -5 -:*2'}
; 2+1=10
IHence show thatmoA < mm'A

b.Prove that - Il A, and A, arc measurable sets in [a, b] then both
1 2
A, U A, and A, N A, are also measurable and
1 2 1 2

mA, +mA; =m(A, UA,) +m(A, NAy)

]
1]
x
=
=
]
U}
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