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( PART-A : Objective )

Time : 20 min. Marks : 20

Choose the correct answer from the following: 1X20=20
1. Which of the following is false?

a. Every vector space is a metric space.

b. Every normed linear space is a metric space.

c. Every metric space is a normed linear space.

d. R is a banach space w.r.t. any norm.

2. A non-empty subset of a normed space is compact if it is:

a. Closed b. Complete

c. Bounded d. Both (a) and (c)
3. A linear map from a normed space X to Y is continuous iff T is:

a. Bounded b. Convergent

¢. Continuous d. Complete

4. Which of the following space is not complete?
a. The space 1P

b. the space =

c. The space C[0,1] of continuously differentiable function over the norm
llxlly = J*, 1x(£)|is complete.

d. None.

5. Which of the following is false?
a. The set B{X,Y) of all bounded linear operators from ¥ into ¥ is a subspace of the
space L{X,Y).
b. A finite dimensional normed space is not a banach space.
c. All norms on finite dimensional linear space are equivalent.

d. None.

6. Which of the following is/are examples of commutative banach algebra?
a. R bic
c. Both R and € d. None

7. Two norms ||. ||, andl|. ||, are said to be equivalent if 3 m, M > 0 such that:
a milxlly = llxll; = Mllxlly b.milxlly = llxll; = Mllxll.
c. milxlly 2 llxll. = Mllx|l, d. milxlly = llxll, = Mllxll2

8. Which of the following statement is true?
a. A real inner product space is conjugate symmetric.
b. A complex inner product space is linear in the second argument.
c. A complex inner product space is symmetric.
d. A real inner product space is linear in the first argument.
1



10.

Ul

12,

13

14.

15.

16.

47

18.

19.

20.

Borei-T ebesgue theorem deals with which property?
a. Boundedness b. Completeness

c. Compactness d. None

A linear map T is said to be invertible if:
a. T is continuous . b. T~ exists
c. Both (a) and (b) d. None

Which of the following is true?
a. An inner product space is not a normed linear space.
b. Any finite dimensional normed linear space is a banach space.
¢. The function space C[a,b] is not complete.
d. None.

The Riesz representation theorem is not true in an inner product space which is:
a. Complete b. Not complete c. Compact d. None

Which of the following statement is false?

a. In a Hilbert space the norm induced by the inner product satisfies the parallelogram law.

b. In I} space, where n = 1 the parallelogram law not is true.
c. In I} space, where n > 1 the parallelogram law is true.
d. A complete inner product space is called Hilbert space.

Which of the following is false?
a. Differential operators are unbounded
c. Differential operators are bounded

b. Integral operators are bounded
d. None

Which of the following statement is true?
a. Any two norms in a finite dimensional space is always equivalent.
b. An inner product space is not a normed space.
¢. Any two norms in an infinite dimensional space is always equivalent.
d. None

The principle of uniform boundedness is also known as:
a. Closed graph theorem b. Riesz theorem
c. Open mapping theorem d. Banach-steinhaus theorem

Which of the following is known as Bessel’s inequality for finite case?
% b
D ix el > lixl®
i=1

s
> x e1® = f1xl12

=y

X ¢ 32 > iyl 2 (]‘ e s T 2
21 el = i ;ux el® = lixll
A norm in an inner product space is defined by:
a ivl? = Voo b.jixil = V&, 3
C fxi® = J{x, 1) d jixll = Vix,xy

Two vectors x and v are said to be orthogonal if:
& (v 2 b.¢x.yv) =2
Cix.v) — O d. None
Find the correct statement.
a. The Hahn-Banach theorem deals with extension of linear functional.
b. The series §7, (x, e.)|” is divergent.
¢. Orthonormal sets are incomplete.
d. None.
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( PART-B :Descriptive ]

Time: 2 hrs. 40min.

[ Answer question no.1 & any four (4) from the rest ]

State and prove Riesz-representation theorem. Also prove that this
theorem is not true in an incomplete inner product space.

a. Given that T is a linear operator such that T: X s Y, both X and Y are
normed spaces. Prove that 7-! exists and and is a bounded linear
operator iff 3 a constant K > 0such that ||Tx||, = & |Ix]],, ¥ x € X.

b. Prove that the linear space Cla, b] of all continuous functions

defined
on [a, b] is a banach space.

a. Given that Y is any subspace in a normed linear space (¥, [[. ||). Show
that ¥ is a closed subspace.

b. State Hahn-Banach theorem. If N is a normed linear space and x¢isa
non-zero vector in N, then prove that there exists a functional f; in

N* suchthat folxel = onll and “fe” =1

a. Given M be a closed linear subspace of a normed linear space N and
let x; be a vector not in M. If d is the distance from xg to M, then
prove that there exists a functionalf € N* such that
folM) =0, folxg) = d and |Ifsl| = 1.

b. Write the statements of open mapping theorem and closed graph
theorem.

a. Define Isomorphism in inner product space. Prove that in an inner
product space if x, = x and y,, =y, then {x,,v,) = {x,¥),asn = o=,

b. If x and y are any two vectors in a Hilbert space H, then prove that
4(x, ¥} = llx + ylI2 = llx — ylI% +illx + iyl - illx — i)l

a. State and prove Banach-Steinhaus Theorem.
b. Prove that an inner product space is a normed linear space.

a. If His a Hilbert space, then prove that H* is also a Hilbert space with
the inner product defined by (f,, £} = {y;, x).

b. Let T be an operator on a Hilbert space H. Then prove that there
exists a unique operator T' on H such that for all
LYy EH AT =0, T,

a. Define orthonormal set in a Hilbert space. Let x and y be two
orthogonal vectors in a Hilbert space H, then prove that
12+ 511" =[x =y1]" = |1l]"+ |ix1]"
Show that the space I? with p = 2 is not an inner product space.
b. Derive Cauchy- Schwarz inequality from Bessel’s inequality.
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