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[ Answer question no. One (1) & any four (4) from the rest ]

1. (i) Define Banach space. (2+8=10)
(ii) Show that C[g4, 5] is a Banach space under the norm

| fll=sup{l f(x)|:a<x<b},
Where ('[qg,b] is the set of all continuous functions from
[a,b] > R

Define convex set. If M is a proper closed subspace of a Hilbert space H , (2+8=10)

then there exist a non-zero vector zZ;in H such that z s M

3. (i) Give the statement of Hahn Banach Theorem. (4+6=10)

(ii) If N is a normed linear space and X, is a non zero vector in N, then

there exists a functional fo in N* such that Tolxa=llr | and
H fo “= 1.

4. Let P be a projection on a Banach space X . Then show that (5+5=10)
i) I — P isaprojection on X

ii) R(P)= e X P =)

i REP)=N{I - P)

iv) X =R(P)® N(I-P)

v) If P is bounded then R(P) and R(/ — P)are closed.
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5. (i) Define isometric isomorphism and homeomorphism. (4+6=10)
(ii) Prove that the translation 7, : X — X suchthat 7 (x)=a + x

is a homeomorphism.
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6. Prove that: (5+5=10)- ~
(i) A compact subset M of a normed linear space is closed and bounded. r
(ii) A subspace M of a Banach space X is a Banach space iff M is closed
in X.
7. Define orthogonal set. If M and N are closed linear subspaces of a Hilbert  (2+8=10)
space H such that M LN, then prove that the linear subspace M+N is also
closed.

8. Define perpendicular projection. If P is a bounded projection on H with  (2+8=10)

R(P)=M and N(P)=N, then M LN & P is self adjoint and N= M+
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Let N be a normed linear space and X, ¥ € N, then which of the following is true?

o flx =y izlx -yl
bl xl =1yl x-yl
e fixl=tyll=lx-yl

d.  None of these

In a normed linear space:

a |l -x =l x|
b =x = x|
¢ |-xl=lx|

d.  None of these

A linear transformation 7" : (X ||| .||— (Y| .|)) is continuous if T is:
a.  Bounded

b.  Unbounded

¢.  Open map

d.  None of these

A normed linear space X is said to be compact if every sequence in X has a:
a. Convergent subsequence.

b.  Divergent subsequence.

¢. May or may not have a convergent subsequence.

d. None of these.

The identity operator on a normed linear space is:
a.  Bounded.

b.  Unbounded.

¢. May or may not be bounded.

d.  None of these.

If T is continuous at the origin, then there exists a real number K such that for all

xeN
a | T(x) = K| x| b T(x) Iz K| x|l
ST ex) I K| x| d. None of these
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10.

11.

12.

13.

A compact subset M of a normed linear space is:
a.  Open and bounded.

b.  Closed and bounded.

¢.  Closed and unbounded.

d. None of these.

Every finite dimensional normed linear space is:

a. Reflexive

b. Not reflexive
Compact

d. None of these

Amap F :(X,|.I) = (Y,| .|) is called an isometry if:
a Jx=yl=Il F(y)-Fx)l

b. | x-yl=ll F(x)- F)I

¢ [y=xl=lF&x)-FK»I

d. None of these

Let Band B'be the Banach spaces and T is a continuous linear mapping from B onto
B',thenTisa/an:

a.  Open map.

b.  Closed map.

c¢.  Closed and Bounded map.

d.  None of these.

The product of two bounded self-adjoin linear operators S and 7" on a Hilbert space
H is self- adjoint if and only if the operators:

a. Commute
b.  Equal
c¢. Similar

d.  None of these

A linear operator P on Banach space is said to be a projection if and only if:
% P=R

b. p=p?

¢ PP'=P'P

d.  None of these

A bounded linear operator 7" : H — H , on a Hilbert space [ is unitary if 7 is

and T* =...

2. bijective, 77" = 72

b. bijective, T faT!
¢ bijective, 7T " =T"'T
d. None of these



14.

16.

17.

18.

19.

20.

Let T': H — H be a bounded linear operator on a Hilbert space H .If H is complete

and < Tx,x > isreal forall X € H , the operator T is:
a.  Bijective b. Unitary
¢. Normal d. Sefl-adjoint

Let7:H, > H, be a bounded linear operator, where Hl and H2 are Hilbert

*
spaces. Then the Hilbert adjoint operator 7 of T is the operator 7* : , = H,such

that vxe H and y e H,, <Tx,y >=
% ex,T'y>
b. < x, Ty >

¢ <x,T'y>
d.  None of these

A non-empty subset A of a Hilbert space [ is said to be orthonormal if and only if
Vx,yeA

a. <x,y>:l,<x,x>:0

b. <x,y>=0,<x,x>=1

c. <x,y>:0.<x,x>:0

d. None of these

If M is closed subspace of a Hilbert space / , then:
a H=Mo&M"

b. H =M"*

&« H=M=+M"

d. None of these

A closed convex subset C' of a Hilbert space H contains a unique vector of:

a. largest norm b. zero norm
¢.  smallest norm d. None of these

The space [” with p # 2, is not an inner product space and hence is:
a. a Hilbert space b. a Banach space
¢.  nota Hilbert space d. One of these

In a Hilbert space [1,if s,s,,s, are subsets of H , then:

i
& §" isa closed subspace of H

L.
b §~ is a Banach space

¢« scst
d. None of these
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